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ABSTRACT 


jate  glve^  a  new  proof  of  V4ron's  result  concerning  the  classification  of 


isolated  singularities  for  the  equation 


+  ui  *  0. 


T/- 

-We  also  establish  that 


the  singular  behavior  at  a  point  can  be  prescribed  and  determines  uniquely  the 


solution  (under  fixed  boundary  conditions) 
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SIGNIFICANCE  AND  EXPLANATION 


Nonlinear  elliptic  equations  with  isolated  singularities  occur  in 

physical  problems  with  point  sources*  A  good  example  is  the  ISiomas-Ferml 

3/2 

theory  of  atoms  and  molecules  which  leads  to  the  equation  ~Au  +  u  «  0  in 

vr  \  (J  {a  }  . 
i=1  ^ 

The  points  correspond  to  the  location  of  positive  nuclei  of 

charge  m^^.  Near  a^^  the  solution  u  has  a  singular  behavior  equivalent 
to  mj^E(x  -  aj^)  where  E  is  the  fund^uaental  solution  of  -L,  i*e.  E(x) 

»  (4ir|x|)~\  A  striking  result  of  L.  v6ron  provides  a  complete  classifi¬ 
cation  of  all  singular  solutions/  and  shows  that  isolated  singularities  of 
nonlinear  problems  are  quite  rigid.  In  this  paper  ve  present  a  new  proof  of 
Viron's  result  based  on  a  simple  scaling  argument.  We  also  establish  that  the 
singular  behavior  at  a  point  can  be  prescribed  very  much  like  a  boundary 
condition  and  determines  uniquely  the  solution. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 


SIHGULAR  SOLUTIONS  FOR  SOHB  SBKILIMEAR  ELLIPTIC  EQOATIONS 
Hab  Br«sl«  and  Luc  Oswald 


Dedicated  to  Jie  Serrln  on  his  sixtieth  birthday 

1.  Introduction 

Lot  Bjj  -  {x  e  R*»  lx|  <  r}  with  N  >  2.  Consider  a  function  u  which  satisfies 


(1) 


u  e  C^<Bjj\{0}),  o  >0  on  , 

-Au  “0  on  Bjj\{o}  • 


He  are  concerned  with  the  behawior  of  a  near  x  -  0.  There  are  two  distinct  cases: 

1)  When  p  >  N/(N-2)  and  (M  >  3)  it  has  been  shown  by  Bresls  -  Vdron  [91  that  u  must 
be  smooth  at  0  {See  also  Baras-Pierre  (11  for  a  different  proof).  In  other  words, 
isolated  singularities  are  removable. 

2)  When  1  <  p  <  N/(N-2)  there  are  solutions  of  (1)  with  a  singularity  at 

X  -  0.  Moreover  all  singular  solutions  have  been  classified  by  Vdron  (221.  We  recall  his 

result: 

1  ».,ume  1  <  p  <  N/(N-2)  and  u  satisfies  (1).  Then  one  of  the  following 

holds: 

(i)  either  u  is  smooth  at  0, 

(ii)  or  lim  u(x)/E(x)  «  c  where  c  is  a  constant  :diich  can  take  any  value  in  the 

x+0 

Interval  (O,*), 

(lii)  or  11m  lu(k)  "  t(p,N)|xl  -  0  . 

x+0 

Here  E(x)  denotes  the  fundamental  solution  of  -A  and  t  -  t(p,N)  the  (unique) 
positive  constant  C  such  that  ctxI-2/‘P-’>  satisfies  (1)  -  more  precisely 


Sponsored  by  the  United  States  Amy  under  Contract  Ho.  DAAG29-80-C-0041. 


We  shall  first  present  a  proof  of  theorem  1  which  is  simpler  than  the  original  proof  of 

V^ron.  In  particular.  It  does  not  make  use  of  Fowler's  results  [10]  for  the  Bmden 

differential  equation.  Instead,  It  relies  on  some  simple  scaling  argument  (see  the  proof 
of  lemma  5)  which  Is  slmlleu:  to  the  one  used  by  Kamln-Peletler  [12]  for  parabolic 
equations. 

Next,  we  emphasize  that  a  singular  behavior  such  as  (11)  or  (ill)  can  be  prescribed 
together  with  a  boundary  condition,  and  these  determine  uniquely  the  solution. 

More  precisely,  let  0  be  a  smooth  bounded  domain  in  with  0  e  ()  and  let 

9  >  0  be  a  smooth  function  defined  on  30.  We  consider  the  problem 

r  u  e  C^(a\{0}),  u  >  0  on  ft  \{o}  , 

1  -Au  +  “  0  on  ft 

^  u  o  9  on  3ft  . 

Theorem  2  Assume  1  <  p  <  N/(N-2).  TOens 

(I)  There  Is  a  unique  solution  Ug  of  (2)  ««hlch  belongs  to  C^(i!)  . 

(II)  Given  any  constant  c  e  (0,  ■»•)  there  is  a  unique  solution  u^  of  (2)  which 
satisfies 

lim  u(x)/E(x)  •  c  . 
x+0 

(ill)  There  is  a  unique  solution  u^  of  (2)  v*iich  satisfies 

lim  |x|^^'P“’’u(x)  -  f(p,N) 
x+0 

In  addition,  lim  u  -  u„  and  lim  -  u_  . 

c  0  * 

c+0  c+« 

Singular  solutions  of  (1)  occur  in  the  •Biomas-Fermi  theory  with  N  «  3  and  p  «  3/2 
(see  e.g.  [13]  for  a  detailed  exposition).  Other  results  dealing  with  singular  solutions 


PW 


U'l-UUi. 


of  nonlinear  elliptic  equations  have  been  obtained  by  a  number  of  authors:  Serrin 

[201,  [21],  V^ron  and  Vazquez  (See  the  exposition  in  [23]),  P>  L.  Lions  [14],  W.  H.  Mi- 
J.  Serrin  [16].  Semilinear  parabolic  equations  with  isolated  singularities  have  been 
considered  by  Brezis  -  Frie<taan  [5],  Brezis  -  Peletier  -  Terman  [8],  Xamin  -  Peletier 
[12],  Oswald  [18]. 
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We  recall  com  knoim  results  dealing  with  functions  u  satisfying  (1). 

Set  a  -  2/(p-1)  (for  1  <  p  <  •). 

I<e— a  1  AssuM  u  t  satisfies  (1)* 

Then 

u(0)  <  C(p.H)/r" 

where  C(ptN)  is  defined  by  C(p«li)  «  Max  {2aM,  4«(a+1)  • 

The  proof  of  Lsmui  1  uses  a  coMparlslon  function  0  of  the  saae  type  as  in  Osserman 
(17]  (or  Loewner  -  Nlrenberg  (IS]),  naaely  set 


o(x)  ■  ^ 

(R^  -  |x|^* 


A  direct  ccaputation  sho«M  that 

-AO  ♦  0**  >  0  ®H 

By  the  ■axiaua  principle  we  see  that 


u  <  0  on  B|^ 


and  in  particular  u(0)  <  0(0) • 


function  u  satisfying 


3.  A  Scaling  Argument 


An  Important  step  in  the  proof  of  Theorem  1  is  the  following 


Lemma  5  Assume  1  <  p  <  N/(N-2).  Then  %fe  have 


lim  W  (x)  -  flxl"®  =  H  (X) 
c  •• 


Proof  It  is  clear  (by  comparison)  that  W.(x)  is  a  nondecreasing  function  of  c< 


Moreover  we  have 


W  (x)  <  t|xr® 


(by  letting  R  o  in  Lemma  2).  Therefore  lim  W  (x)  W  (x)  exists  pointwise  (for 

c+-  ® 

X  ^  0}  and  U^(x)  <  t|x|'‘‘*.  ^e  uniqueness  of  the  solution  of  (3)  implies  that  Wq(x) 

is  radial  and  so  is  W_(x).  Next,  we  observe  that  the  function 

u(x)  -  k“M  (kx)  (k  >  0) 
c 


satisfies 


-Au(x)  ♦  u*’(x)  »  k“*’c6(kx)  -  k“**"’'c«(x)  . 


It  follows,  again  by  uniqueness,  that 


kX(kx)  -  W _ „(x) 

c  ^^ap-N 


As  c+<“  we  see  that 


k  W  (kx)  *  W  (x) 


Choosing  k  ■  1/|x|  wo  obtain 


where  C  >  0  is  some  constant, 


Finally  we  note  that  since 


-AW  +  wP  -  0  in  PMR^xfo}) 
c  c 


W  +  W_  in  L?  (b”\(oI), 


it  follows  that 


-4W_  +  -  0  in  1?*(b”\{o)). 

nils  determines  the  value  of  the  constant  C  to  be  C  •  t. 

There  is  a  similar  result  in  balls:  Set  u  -  to  be  the  unique  solution  of 
problem  (4)  with  n  “ 

Lemma  6  Assume  1  <  p  <  N/(N-2).  nien  t«e  have  V^(x)  s  11m  V  (x)  exists  pointwise  on 

c+-  ® 

Bjj '  { 0 }  and  moreover 

W^(x)  -  fR"“  <  V^(x)  <  W_(x)  on  Bj^  . 

Proof  It  is  again  clear  (by  comparison)  that  V^(x)  is  a  nondecreasing  function  of  c. 
Also  we  have 

(5)  0  <  V^(x)  <  W^(x;  . 

c  c 

It  follows  from  (4)  and  (5)  that 

-4(Wc  -  V^)  <  0  on  B^  , 

and  consequently  Sup  (W  -  V  )  <  Sup  (W  -  V  )  <  Sup  W  ■  Ir”®  . 

B  ®  ®  JB  3B 

R  ’  R  R 

The  conclusion  follows  by  letting  c  ♦ 


I 


J 
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4.  Proof  ot  thaorei  1 

Throughout  this  suction  ws  suppose  1  <  p  <  ll/(N-2).  Assume  u  satisfies  (1)  and 


c  «  list  sup  u(x)/B(x)  . 
x+0 

We  distinguish  three  cases i 
Case  (i)  c  ~  0 

Case  (ii)  0  <  c  <  • 

Case  (iii)  c 

Cases  (i)  and  (ii)« 


Here<  the  main  ingredient  is  the  following < 

Lenma  7  In  cases  (i)  and  (ii)  the  function  u  belongs  to  satisfies 

-Au  ♦  u^  ■  c  4  in  0*(B_) 
o  R 

for  sosM  constant  cg< 

Proof  It  is  clear  that  u  e  since  ■  €  ■•“1  c  <  “. 

We  now  use  the  same  argusMnt  as  in  (7]t  set 
T  ■  -Au  ♦  u^  <  • 

Since  the  support  of  T  is  contained  in  {o),  it  follows  from  a  classical  result  about 


distributions  (see  [19])  t)iat 


0<|a|<i 


y  c  D®(«)  . 

^  ■  A 


We  claim  that  c  *  0  «ihen  a  >  1>  Indeed  let  C  eP(B-)  be  any  fixed  function  such 

Q  '  *  K 

that  (-1)  I®Id*C(0)  ■  c^  for  every  a  with  |a|  <  m.  Multiplying  (6)  through  by 
C^(x)  ■  C(x/e)  we  obtain 

-  Me  ♦  /u**e  -  y  c’  e"l®l  . 

'  0<|o|<m 


'  •>  i.'o  •  •  •  •  ' 


An  easy  computation  -  using  the  estimate  u  <  CB  -  shows  that 
l/u  <  C  when  N  >  3 

l/u  '^^e- 1  *  c|  tog  e|  +  C  when  N  »  2  . 


Since  fu^C,  ♦  0  as  e  +  0,  we  conclude  that  c  “0  for  |a|  >  1.  Therefore  we  obtain 
'  e  a  '  ' 


-Au  +  u*^  =  c  6  In  P*  (Bo) 


o  - 

We  conclude  the  proof  of  Theorem  1  In  cases  (1)  emd  (11)  with  the  help  of  the 


following: 

Lemma  8  Assume  u  e  C^(B  \{o})  n  )  satisfies 


"R  '  ■  toe  R' 
u  >  0  on  B- 


-Au  +  u?  »  Cg6 


in  P*<Bj^) 


for  some  constant  Cr 


we  have 


(1)  If  Cq  «  0,  then  u  Is  smooth  on  Bo  , 


(11)  if  Cq  0,  then  lim  u(x)/E(x)  -  c- 


x+0 


Proof 


(1)  Assume  Cq  0<  Since  u  Is  subharmonic  It  follows  that  u  e  thus 


•  1  2  •• 

Au  c  L,  (B  ).  We  deduce  that  u  e  C  (B  )  and  then  u  e  C  (B  )•  In  fact  u  e  C  (B  ) 

JIOC  R  R  R  R 


since,  by  the  strong  maximum  principle,  we  have  either  u  =  0  or  u  >  0  or  B|^> 
(11)  Assume  Cq  ^  0.  By  the  maximum  principle  we  have 
u  <  CjjE  +  C  on  B„ 

and  therefore 


R/2 


-Au  >  Cg6  -  (OqE  +  C)*" 


>  CjjS  -  c(e:*’  +  1) 


on  B, 


11/2 
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An  elementary  computation  leads  to 


u(x)  f  CqE  -  o(E)  as  X  0  . 

and  we  conclude  that  11m  u(x)/E(x)  -  c.. 

x+0  " 

Remarh  1  Assume  c^  ^  0.  The  argument  above  provides  In  fact  an  estimate  for  |u  -  CgE| 
as  X  0.  More  precisely  we  have 

a)  If  N  2  and  1<p<o  or  N~3  and  1  <  p  <  2,  then 

lu  -  CqE]  <  C  on 

b)  If  N  =  3  and  p  2,  then 

|u(x)  -  CgE(x)|  <  C(|fog|x||  +  1)  on 

c)  If  N  <=  3  and  2<p<3  or  N>4  and  1  <  p  <  M/(N-2)  then 

|u(x)  -  OgE<x)l  <  on  Bj 

and  consequently 

l^.cj  <C  |xr  on 
with  u  -  M  -  (N-2)p  >  0. 

Proof  of  Theorem  1  In  the  case  (111) 

We  first  recall  a  result  of  VHron  [22]  (Lesmia  1.5) s 


R/2 


Lemma  9  Assume  u  satisfies  (1).  Then,  there  Is  a  constant  C  (depending  only  as  p 
and  N)  such  that 

Sup  u(x)  <  C  Inf  u(x)  for  0  <  r  <  V/2. 

|x|=r  |x|-r 

The  conclusion  of  Lemma  9  Is  a  simple  consequence  of  Harnack's  inequality  and  the  estimate 
of  Lemma  1  -  see  [22]  for  the  details. 

We  may  now  complete  the  proof  of  Theorem  1  with  the  help  of  the  following: 

Lemma  10  Assume  u  satisfies  (1)  and  lim  sup  u(x)/E(x)  -  «.  Then 

x+0 

Iu(x)  -  f|*r“l  <  c|x|''^  on  Bj^2 
for  some  constants  C  “  C(p,N,R)  and  y  •  t(p»R)  >  0. 


Proof  By  liamma  2  already  have  the  estimate 


u(x)  <  tlxl"*  +  c|xl^  on  B 


V2 


with 


Y-B-a-oi  +  2-  N>0. 

We  now  establish  an  estimate  from  below.  Imt  ♦  0  '**“h*'^®**n*  “ 

r^  •  l*nl'  *°  that  we  obtain  from  XMaa  9 


(7) 


Inf  tt(x)/B(x)  ♦ 

l»l-n 


We  recall  that  is  the  unique  solution  of  (4)  when  ft  Bj^  /  so  that 

V  <  oE  on  B_. 

C  K 

Given  any  constant  c  >  0,  we  see  (by  (7))  that 

u(x)  >  cE<x)  for  !xl  -  r^  and  n  large  enough  . 

Therefore  we  obtain 

u{x)  >  V^<x)  for  |x|  ■  r  and  n  large  enough  . 

V  •* 

Applying  the  maximum  principle  in  the  domain  {xeF?*i  r^<|xl<  b}  we  find  that 
u(x)  >  V^<x)  for  r„  <  (x(  <  R  and  n  large  enough  . 

As  n  we  conclude  that 

u(x)  >  V^(x)  on  Bj^\{0} 
and  as  c  +  ••  we  see  that 

u(x)  >  V^{x)  on  Bn\{o}  • 

In  liemma  6  we  had  the  estimate 

V^(x)  >  l(|x|"*  -  b”*)  ♦ 

However  it  is  not  good  enough  to  deduce  conclusion  (ill)  of  Theorem  1.  We  need  a  better 
estimate  from  below  for  V^(x)i  we  claim  that 

(8)  vj*’  ^  *1*1"“  (’  ■  ®R  ' 


f-  ■ 


!*•  J 


ft 


«rher6  B  Is  dsfinsd  in  lAinma  2« 


Clearly,  It  suffices  to  establish  (8)  for  8  «  1*  the  function  is  radial  and  so 

we  %nrite  V^(r)*  We  define  the  function  v  or  (0,1)  by  the  relation 

w(r®)  -  t"’r“v,(r) 

so  that  0  <  V  <  1  on  v(  1)  >0  and  v(0)  ~  1>  Using  the  relation  •  0 

it  is  easy  to  deduce  (as  In  the  proof  of  Proposition  A.4  [6] )  that 
-6^t^v"(t)  +  V(t)  (v**“^(t)  -  1)  ■  0  for  t  e  (0,1). 

Consequently  v  Is  concave  and  thus  we  have 


v(t)  >  1  -  t  Vt  e  (0,1)  , 


t)iat  is  (8)< 


Remark  2  Vtron  [22]  obtains  In  case  (111)  an  estlsMte  of  the  form 
|u(x)  -  t|x|*^|  <  c|x|^  with  an  exponent  6  tihlch  la  better  than  Y  ~  B  -  a. 


’f*'.  * 


'Pt  XW  EH  »W4tRIH  J«i.  CT-AJl  »J1J1 


5.  Proof  of  Theorem  2. 

Ca««  (i)  Is  classical • 

Casa  (11)  The  existence  of  a  solution  folloiw  fron  Lenna  4  and  8> 

Suppose  now  u  satisfies  (2)  and  11m  u(x)/E(x)  -  c.  We  deduce  from  Lemma  7  and  8 

x*0 

that  -Au  +  u^  •  c£}  uniqueness  follows  from  Lemma  4> 

Case  (111)  We  denote  by  u^,  the  unique  solution  of  (4)  given  by  Lemma  4«  We  claim  that 

u^  •  11m  u  hae  all  the  required  properties. 

"  o+« 

Indeed  u^Cx)  Is  a  nondecreasing  function  of  c.  Fix  R  >  0  such  that 

2R  <  dlst(0,3n).  By  Lemma  1  we  have 

u  (x)  <  C<p,N)r“®  for  |x|  -  R. 
c 

■nie  maximum  principle  applied  In  the  region 
fljj  -  {x  r  0;  Ixj  >  r} 

shows  that.  In 

u  (x)  <  Max  {sup  f,  C(p,H)r“®}  . 

*  an 

Iherefore  u.(x)  -  lim  u  (x)  exists  and  satisfies  (2).  By  comparison  on  B,^  we 
cf» 

have 


\  <  "c  ®R 

and  as  c  ♦  •  we  obtain  <  u^  on  Bj^. 

It  follows  that  llm|ujx)  -  f|x|”®|  -  0  (by  Lsmma  6  and  Iheorem  1). 
x+0 

We  turn  now  the  question  of  uniqueness.  »ippose  u^  and  Uj  satisfy  (2)  and 

llm|x|°'u.  (x)  “  t  for  1  “  1,  2.  Lsmma  10  Implies  that 
x+0 


|u^(x)  -  Uj(x)|  <  c|xl''^  on  Bjj 


On  the  other  hand  ws  have 

-A(u^  -  ttj)  ♦  u^  - 


0  on  R\{o} 


j 

\ 

? 

k 


: 

i 

! 
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